Abstract. The loop algebra construction by Allison, Berman, Faulkner, and Pianzola, describes graded-central-simple algebras with split centroid in terms of central simple algebras graded by a quotient of the original grading group. Here the restriction on the centroid is removed, at the expense of allowing some deformations (cocycle twists) of the loop algebras.
Introduction
The graded-central-simple algebras (not necessarily associative, nor Lie) with split centroid were shown in [ABFP08] to be isomorphic to loop algebras of algebras graded by a quotient group that are central simple as ungraded algebras. This is a very important reduction, as the graded-central-simple algebras may fail to be nice as ungraded algebras, for instance, they may fail to be simple or semisimple.
The purpose of this paper is to remove the restriction of the centroid being split, at the expense of allowing certain deformations of the loop algebra construction. These deformations will be based on a symmetric 2-cocycle on the grading group with values in the multiplicative group of the ground field.
Graded-central-simple algebras over the real field have been studied, with a different approach based on Galois descent from C to R, in [BKpr] . Their results are subsumed nicely in our more general description.
All the algebras considered will be defined over a ground field F, unless otherwise stated, and they are just vector spaces over F endowed with a bilinear multiplication, usually denoted by juxtapostion. No assumption on associativity, dimension (which can be infinite), or existence of unity, is made.
For the basic facts on gradings, the reader may consult [EK13] . Here we will review some basic definition. Let A be an algebra and G a group. A G-grading on A is a vector space decomposition Γ : A = g∈G A g such that A g A h ⊆ A gh for any g, h ∈ G. The nonzero elements in A g are said to be homogeneous of degree g. The support of Γ is the set {g ∈ G | A g = 0}.
Gradings by abelian groups often arise as eigenspace decompositions with respect to a family of commuting diagonalizable automorphisms. Over an arbitrary field, a G-grading Γ on A is equivalent to a homomorphism of affine group schemes η Γ : G D → Aut F (A), where G D is the diagonalizable group scheme represented by the group algebra FG. In this paper, only gradings by abelian groups will be considered.
Let Γ : A = g∈G A g and Γ ′ : A ′ = g∈G A ′ g be two gradings by an abelian group G. The G-gradings Γ and Γ ′ are isomorphic if A and A ′ are isomorphic as G-graded algebras, i.e., if there exists an isomorphism of algebras ϕ : A → A ′ such that ϕ(A g ) = A ′ g for all g ∈ G. We will write then A ≃ G A ′ and say that A and A ′ are graded-isomorphic.
The paper is structured as follows. Section 2 will review known results on extensions of abelian groups and their associated 2-symmetric cocycles needed in the sequel. These symmetric 2-cocycles τ : G × G → F × are used in Section 3 to define a new multiplication on any G-graded algebra A. The new algebra thus obtained is denoted by A τ and it is associative, Lie, ..., if A is so. The basic properties of these cocycle twists are given. Actually, these cocycle twists are particular instances of the graded contractions considered in [dMP91] , [MP91] . The underlying ideas go back to [IW53] .
Section 4 reviews the general loop algebra construction in [ABFP08] and some of its main properties. Section 5 contains the main results of the paper, which show that any graded-central-simple algebra is graded-isomorphic to a cocycle twist of a loop algebra of a central simple algebra graded by a quotient of the original grading group (Theorem 5.2). Actually, the graded-isomorphism class of a Ggraded-central-simple algebra is determined by a subgroup H of G, an element in the symmetric second cohomology group H 2 sym (H, F × ), and the equivalence class of a central simple (as ungraded algebra) G/H-graded algebra, under a precise equivalence relation weaker than graded-isomorphism (Corollary 5.5).
The connection with the approach over the real field by Galois descent in [BKpr] is explained in Section 6.
Ext, extensions, and H 2 sym
In this section, several well-known results on extensions of abelian groups will be reviewed. The reader may consult [HS97, Chapters III and VI].
Unless otherwise stated, multiplicative notation will be used for abelian groups.
2.1. Ext(A, B) and extensions. Given two abelian groups (i.e., Z-modules) A, B, the abelian group Ext Z (A, B), or simply Ext(A, B), can, and will, be identified with the set of equivalence classes of extensions of A by B (in the category of abelian groups, and we will refer to them as abelian extensions), where an extension of A by B is a short exact sequence 1 → B → E → A → 1, and two extensions
are equivalent if there is a homomorphism ϕ : E → E ′ , necessarily bijective, such that the diagram
is obtained as follows. Let ξ : 1 → B i → E p − → A → 1 be an abelian extension, and letẼ be the pull-back of p and f :
Then we obtain a commutative diagram with exact rows:
′ are the canonical projections, and j(x) = i(x), e for any x ∈ B (e denotes the neutral element). The extension of A ′ by B in the first row is denoted by ξf , and the map
is well defined and equals Ext(f, B).
Ext(
On the other hand, the set of equivalence classes of central extensions, in the category of groups, of the group A by the abelian group B, that is, equivalence classes as above, but of short exact sequences of
is the set of 2-cocycles, and
is the set of 2-coboundaries, where dγ(a 1 , a 2 ) = γ(a 1 )γ(a 2 )γ(a 1 a 2 ) −1 for any map γ : A → B and a 1 , a 2 ∈ A.
The element in H 2 (A, B) that corresponds to the central extension ξ : 1 → B i → E p − → A → 1 is obtained by fixing a section s : A → E of p (s is not a homomorphism in general). Then for any a 1 , a 2 ∈ A, the element s(a 1 )s(a 2 )s(a 1 a 2 ) −1 is in ker p = im i, so there is a unique element σ(a 1 , a 2 ) ∈ B such that Given an abelian extension ξ :
, and a homomorphism of abelian group f :
. In other words, f * in (1) corresponds to the natural map (also denoted by f * ):
2.3. The long exact sequence. Given an abelian group G, a subgroup H, and the associated quotient group G/H, consider the corresponding short exact sequence
where ι is the inclusion map and π the canonical projection. Given any abelian group F , there is the associated long exact sequence
The maps π * and ι * in the first row are just the precompositions by π and ι, respectively. The maps π * and ι * in the second row are given by (1). As for the connecting homomorphism δ, it is obtained as follows. Given a homomorphism f : H → F , let E be the push-out of f and ι:
There appears a commutative diagram with exact rows:
where j 1 and j 2 are the canonical homomorphisms and
The extension in the second row is denoted by f ζ, and the map
is precisely the connecting homomorphism. Given a section s :
Hence the connecting homomorphim δ corresponds to the map (denoted too by δ):
The long exact sequence (5) can then be substituted by (7) and π * and ι * in the second row as in (3). The exactness of (5) has the following consequence that will be critical later on: Proposition 2.1. Let G and F be abelian groups, H a subgroup of G, and
for any h 1 , h 2 ∈ H. Extend γ to a mapγ : G → F (for instance, withγ(g) = e for any g ∈ G \ H). Then τ =τ (dγ) satisfies τ | H×H = τ ′ .
Cocycle twists
Definition 3.1. Let G be an abelian group, let A be an algebra over F endowed with a G-grading: A = g∈G A g , and let τ : G×G → F × be a symmetric 2-cocycle. Define a new multiplication on A by the formula
The new algebra thus defined will be called the τ -twist of A, and will be denoted by A τ .
Remark 3.2. In [MP91] (see also [dMP91] ) a more general situation is considered, where τ : G × G → F is allowed to take the value 0, but still being symmetric and satisfying the cocycle condition:
The resulting twisted algebra is said to be a graded contraction of A and the interest in the above mentioned references lies in those τ 's that indeed take the value 0. In this way one can obtain, for example, solvable Lie algebras as graded contractions of semisimple Lie algebras, as some nonzero structure constants in the original algebra may become 0 in the twist.
Example 3.3. Consider the real algebra of complex numbers C, graded by the cyclic group of order 2:
be the symmetric 2-cocycle such that τ (e, e) = τ (e, h) = 1 and τ (h, h) = −1. Then in the τ -twist C τ we have
so that C τ is isomorphic to the group algebra RC 2 (isomorphic to R × R).
Example 3.4. For any abelian group G and symmetric 2-cocycle τ ∈ Z 2 sym (G, F × ), the τ -twist FG τ of the group algebra FG is denoted traditionally by F τ G. This makes sense for not necessarily symmetric 2-cocycles and nonabelian groups. The algebras F τ G are called twisted group algebras, and they play a key role in Schur's theory of projective representations of finite groups. Twisted group algebras are, up to isomorphism, the graded-division algebras with one-dimensional homogeneous components. Moreover, for
. Natural examples of twisted group algebras are quaternion algebras over a field F, char F = 2, which can be described, up to isomorphism, as the twisted group algebras F τ G, with G = C 2 × C 2 and τ a not symmetric 2-cocycle.
Some basic properties of cocycle twists are given in the next result.
Proposition 3.5. Let G be an abelian group and let A = g∈G A g be a G-graded algebra over F.
In other words, for
Proof. Part (i) is clear. For (ii), let γ : G → F × be a map such that τ 1 = τ 2 (dγ). The multiplication in A τ1 and A τ2 are x * y = τ 1 (g 1 , g 2 )xy and x ⋆ y = τ 2 (x, y)xy, respectively, for g 1 , g 2 ∈ G, x ∈ A g1 , y ∈ A g2 . Then the linear automorphism ϕ ∈ End F (A) such that ϕ(x) = γ(g)x for g ∈ G and x ∈ A g preserves the grading and satisfies:
and hence, because of (ii),
As for (iv), it is enough to note that the ideal generated by any homogeneous element x ∈ A g is the same in A or in A τ .
Example 3.6. Let G be an abelian group, H a subgroup, and G = G/H the corresponding quotient. Let A be a G-graded algebra and let χ ∈ Hom(H, F × ) (a character on H). Finally, let s : G → G be a section of the canonical projection π : G → G. Then in [ABFP08, Definition 6.3.1], the algebra A χ is defined on the same vector space as A, but with new multiplication
, where δ is the connecting homomorphism in (7) for F = F × .
Recall that the centroid C(A) of an algebra A is the unital associative subalgebra of End F (A) given by
If the algebra A is simple, then C(A) is a field extension of F. The algebra A is said to be central simple if it is simple and this field extension is trivial: C(A) = F1. (Here 1 denotes the identity map on A.) Any simple algebra is central simple when considered as an algebra over its centroid.
Given an abelian group G and a G-graded algebra A = g∈G A g , consider the subspaces
Their sum g∈G C(A) g is direct, but it may fail to be the whole C(A).
Also, the G-graded algebra A is said to be graded-simple if A 2 = A and A does not contain any proper graded ideals, and graded-central-simple if it is gradedsimple and graded-central.
If A is graded-simple, then C(A) = g∈G C(A) g ([BN06, Proposition 2.16]) and it is a graded-field, i.e., it is commutative and any nonzero homogeneous element is invertible. If H is the support of the G-grading on C(A): H = {g ∈ G | C(A) g = 0}, H is a subgroup of G. Then if K = C(A) e (a field extension of F), C(A) is isomorphic, as a graded algebra, to a twisted group algebra K τ H (see Example 3.4), for a symmetric 2-cocycle τ ∈ Z 2 sym (H, K × ), the G-grading (with support H) in K τ H being the natural one. Moreover, A is graded-central-simple when considered as an algebra over K.
The next results shows the behavior of the centroid of a G-graded-central simple algebra under cocycle twists.
Proposition 3.7. Let G be an abelian group and B a G-graded-central-simple
Proof. For any homogeneous element c ∈ C(B) h , define c τ ∈ End F (B) by
for g ∈ G and x ∈ B g . Denote by * the multiplication in B τ : x * y = τ (g 1 , g 2 )xy, for g 1 , g 2 ∈ G, x ∈ B g1 , y ∈ B g2 . Then, under these assumptions,
and also, because of the symmetry of τ :
Thus c τ ∈ C(B τ ) h . Besides, if c 1 ∈ C(B) h1 and c 2 ∈ C(B) h2 , then for x ∈ B g we have:
c
τ , and the map C(B) τ → C(B τ ), c → c τ , for homogeneous c, is an isomorphism.
Loop algebras
Given an abelian group G, a subgroup H, the canonical projection π : G → G = G/H, g → π(g) = g, and an algebra A graded by G:
which is a subalgebra of the tensor product A⊗ F FG, where FG is the group algebra of G (see [ABFP08, Definition 3.
1.1]).
If A is G-graded-central-simple, then its centroid C(A) is said to be split (see [ABFP08, Definition 4.3.6]) if C(A) is isomorphic, as a graded algebra, to the (untwisted) group algebra: C(A) ≃ G FH. This is always the case if F is algebraically closed by Proposition 3.5.
The main results in [ABFP08] reduce the study of the graded-central-simple algebras with split centroid to the study of the central simple graded algebras (i.e., graded algebras which are central simple as (ungraded) algebras). (1) If A is a central simple algebra graded by G, then the loop algebra L π (A) is a G-graded-central-simple algebra, and the map
then there exists a central simple and
as in Example 3.6).

Graded-central-simple algebras
The goal in this section is to remove the restriction on the centroid of a gradedcentral-simple algebra to be split, at the expense of allowing cocycle twists of loop algebras.
For simplicity, given an abelian group G, a subgroup H, a G = G/H-graded algebra algebra A, and a symmetric 2-cocycle τ ∈ Z (1) If B is a G-graded-central-simple algebra, then there is a subgroup H of G, a central simple and G = G/H-graded algebra A, and a symmetric 2-
(As usual, π denotes the canonical projection G → G.) (2) Conversely, let H be a subgroup of G, A a central simple and G-graded algebra, and let
and only if the following conditions are satisfied:
• H 1 = H 2 =: H, so π 1 = π 2 =: π : G → G = G/H, and For (1), if B is a G-graded-central-simple algebra, and H is the support of its centroid, then C(B) is a twisted group algebra:
and hence so is L τ π (A) by Propositions 3.5 and 3.7, which also imply the last part of (2).
Finally
, then their centroids are graded-isomorphic too, and hence with equal supports. Thus H 1 = H 2 (see Theorem 4.1. (1)). By part (2), F
, where ι : H ֒→ G is the inclusion. By the exactness of
, and we conclude from [ABFP08, Theorem 7.1.1.(iii)] that there exists a character χ ∈ Hom(H,
) by the exactness of (8), we obtain [
Remark 5.3. There is a great freedom in choosing τ ∈ Z 2 sym (G, F × ) in the proof above, the only required condition being that τ | H×H should be cohomologous to
We can express the above result in a concise way as follows. Given the abelian group G, consider the set B(G, F) of the isomorphism classes (as G-graded algebras) of G-graded-central-simple algebras, denoting by [B] the class of an algebra B. Consider too the set A(G, F) consisting of the equivalence classes of triples
, and A is a central simple and G/H-graded algebra, the equivalence relation being given by 
Corollary 5.5. The map
, is a bijection.
Proof. The map is clearly surjective. If two pairs (
, then the support of C(B) is H 1 = H 2 (=: H), and its isomorphism class (as H-graded algebra) is determined by both [τ
The real case
If the ground field is the field of real numbers R, the G-graded-central-simple real algebras have been considered in [BKpr] . The approach there is by Galois descent from C to R. Hence any such algebra is obtained, up to isomorphism, by Galois descent from a complex loop algebra, and checked to be isomorphic to a loop algebra twisted by a character χ : G → S 1 , where S 1 denotes the unit circle in C. Let us finish this section by showing the connection of these "χ-twisted loop algebras" over R with the cocycle twisted loop algebras considered here.
Given an abelian group G, the short exact sequence
Lemma 6.1. For any τ ∈ Z 2 sym (G, R × ) there is a character χ ∈ Hom(G, S 1 ) such that, for any choice of elements z g ∈ C with z
Proof. The connecting homomorphism δ in (10) works as follows. Given any character χ : G → S 1 , let E be the pull-back of χ and p:
with its natural projections π 1 : E → C × and π 2 : E → G. There appears the commutative diagram with exact rows:
, is a section of π 2 , and hence the element in H Now, given an abelian group G, a subgroup H, and a central simple and G/Hgraded real algebra A, and given a character χ : G → S 1 , the algebra L χ π (A) defined in [BKpr] is the subalgebra g∈G A g ⊗ g of A ⊗ R R dγ G (γ as in Lemma 6.1), and hence it is precisely the dγ-twisted loop algebra L dγ π (A) (see Remark 5.1). Lemma 6.1 and Proposition 3.5 show then that for any τ ∈ Z 2 sym (G, R × ), there is a character χ :
Remark 6.2. Let B be a central simple complex algebra, and denote by B R the real algebra obtained by restriction of scalars. That is, B R is just B, but considered as a real algebra. The results in this paper reduce the study of gradings on B R to gradings on the complex algebra B and gradings on real forms of B, i.e., central simple real algebras A such that B is isomorphic to A ⊗ R C, as follows. Let G be an abelian group and let Γ : B R = g∈G (B R ) g be a G-grading on B R . The centroid C(B) = C(B R ) is C1 (1 denotes here the identity map). Then either:
(1) The grading induced by Γ on C(B) is trivial: C(B) = C(B) e . This means that each (B R ) g is a complex subspace of B, so Γ is actually a G-grading of the complex algebra B: Γ : B = g∈G B g . Each isomorphism class of gradings (B R , Γ) corresponds to one or two isomorphism classes of gradings (B, Γ), because the index [Aut(B R ) : Aut(B)] may be 1 or 2.
(2) The grading induced by Γ on C(B) is not trivial. Then there is an element h ∈ G of order 2 such that C(B) e = R1, C(B) h = Ri (identifying here i with the map x → ix). Then B R is G-graded-central-simple and Theorem 5.2 (and Corollaries 5.4 and 5.5) applies, so that, with H = h , we have an isomorphism B R ≃ G L τ π (A) for a central simple and G-graded real algebra A and a symmetric 2-cocycle τ ∈ H sym (G, R × ). Since C × is divisible H 2 sym (G, C × ) ≃ Ext(G, C × ) is trivial, so there is a map γ : G → C × such that τ = dγ. Then the map: Φ : L τ π (A) −→ A ⊗ R C, x ⊗ g → x ⊗ γ(g) for g ∈ G and x ∈ A g , is easily seen to be an isomorphism of G-graded real algebras. Thus B R is isomorphic to A⊗ R C as real algebras, and composing, if necessary, with id ⊗ (complex conjugation), we check that B and A ⊗ R C are isomorphic complex algebras, so that A is a real form of B.
